Abstract. Tent and Ziegler proved that the automorphism group of the Urysohn sphere is simple and that the automorphism group of the Urysohn space is simple modulo bounded automorphisms. In this paper we extend their methods and prove simplicity for many homogeneous structures which admit a metric-like amalgamation, in particular, we get simplicity of the automorphism groups of all primitive 3-constrained metrically homogeneous graphs of finite diameter from Cherlin's list. This generalisation is motivated by results of Hubička, Konečný and Nešetřil on semigroup-valued metric spaces.
Introduction
In 2011, Macpherson and Tent [MT11] proved that the automorphism groups of Fraïssé limits of free amalgamation classes are simple. This was followed by two papers of Tent and Ziegler [TZ13b, TZ13a] where they prove that the isometry group of the Urysohn space (the unique separable homogeneous metric space universal for all finite metric spaces) modulo bounded isometries (i.e. isometries f with a finite bound on the distance between x and f (x)) is simple and that the isometry group of the Urysohn sphere is simple. Later, Evans, Ghadernezhad and Tent [EGT16] proved simplicity for automorphism groups of some Hrushovski constructions, and Li [Li18] proved simplicity for the structures from Cherlin's list of 26 primitive triangle-constrained homogeneous structures with 4 binary symmetric relations (see appendix of [Che98] ).
In this paper, we adapt the methods of Tent and Ziegler and prove the following theorem (definitions and examples will be given in the upcoming paragraphs). Theorem 1.1. Let M be a finite archimedean partially ordered commutative semigroup with at least two elements and let F be a countable homogeneous M-metric space which realises every distance. Assume that there exists a metric-like 1-supported stationary independence relation on F given by M. Then Aut(F) is simple.
We first give the necessary definition, then we give a proof of Theorem 1.1 and finally we state some of its corollaries. In particular, we prove simplicity for all primitive 5-parameter classes from Cherlin's list of metrically homogeneous graphs [Che11] .
We say that a tuple M = (M, ⊕, ) is a partially ordered commutative semigroup if the following hold:
(1) (M, ⊕) is a commutative semigroup, (2) (M, ) is a partial order which is reflexive (a a for every a ∈ M ), (3) for every a, b ∈ M it holds that a a ⊕ b, and Jan Hubička and Matěj Konečný are supported by project 18-13685Y of the Czech Science Foundation (GAČR) and by ERC Synergy grant DYNASNET. Matěj Konečný is supported by the Charles University project GA UK No 378119. Yibei Li is supported by President's scholarship from Imperial College.
(4) for every a, b, c ∈ M it holds that if b c then a ⊕ b a ⊕ c (⊕ is monotone with respect to ). M is archimedean if for every a, b ∈ M there is an integer n such that n × a b, where by n × a we mean a ⊕ a ⊕ · · · ⊕ a n times .
Note that if M is archimedean and non-trivial, it follows that M does not have an identity.
and d is a function E → L. Clearly, the set E can be inferred from the function d and thus we will sometimes omit it. We will write d(x, y) instead of d({x, y}).
We say that A is complete if the graph (A, E) is a complete graph. Note that an L-edge-labelled graph can equivalently be viewed as a relational structure with a binary symmetric relation R m for every m ∈ L such that every pair of vertices is in at most one relation.
For a partially ordered commutative semigroup
1.1. Stationary independence relations. The notion of stationary independence relations (Definition 1.2) was developed by Tent and Ziegler [TZ13b] in their paper on the Urysohn space. It has several generalisations (e.g. for structures with closures [EGT16] ), but for our purposes the original variant suffices.
Let F be a (homogeneous) structure and let A, B ⊆ F be finite subsets. We will identify them with the substructures induced by F on A and B respectively and by AB we will denote the union A ∪ B (and hence also the substructure induced by F on AB). If the set A = {a} is singleton, we may write a instead of {a}. Uppercase letters will denote sets while lowercase will denote vertices.
Let A ⊆ F and a ∈ F. By a type of a over A (denoted by tp(a/A)) we mean the orbit of a under the action of the stabilizer subgroup of Aut(F) with respect to A. If p is a type, we say that b ∈ F realises p (and denote it as b |= p) if b lies in p, in other words, if there is an automorphism of F fixing A pointwise which maps a to b. In this paper we are only concerned with homogeneous generalised metric spaces where tp(a/A) essentially correspond to a description of the distances between a and A. Definition 1.2 (Stationary Independence Relation). Let F be a homogeneous structure in a relational language. A ternary relation | ⌣ on finite subsets of F is called a stationary independence relation (SIR, with A | ⌣C B being pronounced "A is independent from B over C") if the following conditions are satisfied:
SIR1 (Invariance). 
It is straightforward to check that | ⌣ is a 1-supported stationary independence relation.
We now generalise Example 1 for more general semigroups: Let M be a partially ordered commutative semigroup and let F = (F, d) be a complete homogeneous M-metric space with a stationary independence relation | ⌣ . We say that | ⌣ is a metric-like SIR with a partially ordered commutative semigroup M (or simply a metric-like SIR) if A | ⌣C B if and only if for every a ∈ A \ C and every
Note that this definition in particular requires that all the infima we can encounter for some A, B, C ⊆ F are defined in M.
Example 2. The Urysohn sphere can be seen as an M-metric space for M = ((0, 1], ⊕, ≤), where a ⊕ b = min(1, a + b). Clearly, the SIR from Example 1 is metric-like.
, where k ≥ 1, n is large enough, ⊕ is the coordinate-wise addition and is defined by putting (a 1 , a 2 , . . . , a k ) (b 1 , b 2 , . . . , b k ) if and only if a i ≤ b i for every 1 ≤ i ≤ k. Consider the structure M k , which is the Fraïssé limit of the class of all M k -metric spaces. In other words, M k is the countable homogeneous M k -metric space universal for all countable M k -metric spaces. It is easy to see that the metric-
. . , 1) for every i and d(b, c i ) is equal to 1 on the i-th coordinate and equal to 2 everywhere else.
Proof of Theorem 1.1
We will closely follow the proof from the Tent-Ziegler paper on the Urysohn sphere [TZ13a] and use the following result by Tent and Ziegler [TZ13b] .
Definition 2.1. Let F be a countable structure with a stationary independence relation | ⌣ and let g ∈ Aut(F). We say that g moves almost maximally if for every finite A ⊆ F and every type p = tp(a/A) there is a realisation x |= p such that
Theorem 2.2 (Corollary 5.4, [TZ13b] ). Let F be a countable structure with a stationary independence relation and let g be an automorphism of F which moves almost maximally. Then every element of Aut(F) is a product of sixteen conjugates of g.
We first state some properties of finite archimedean semigroups and then also some properties of 1-supported metric-like | ⌣ . Proof. Assume that there are a, b ∈ M such that a ⊕ b = a. This means (by associativity) that a ⊕ (n × b) = a for every n. Let c ∈ M be arbitrary. By archimedeanity there is n such that n × b c. But then a = a ⊕ (n × b) c. Hence a c for every c ∈ M. This proves points 1 and 2. Points 3 and 4 immediately follow from point 2. 
Proof. 1-supportedness (SIR6) is trivial. To prove Metricity (SIR7), note that by 1-supportedness and the definition of
If d(a, b) = 1 or c ∈ C 2 , we are done. Suppose now that c ∈ C 1 . From b | ⌣D C 1 we get that for this particular c one of the following happens:
( 
to both sides of the first inequality, we get that
Since we know that in fact
, which is what we wanted.
Throughout the section, we fix M, F and | ⌣ as in Theorem 1.1 and put G = Aut(F). Namely, M is a finite archimedean partially ordered commutative semigroup with at least two elements, F is a countable homogeneous M-metric space which realises every distance and | ⌣ is a metric-like 1-supported stationary independence relation on F given by M.
We denote by 1 the maximum element of M. For convenience, we extend the distance function d of F by putting d(x, y) = 0 if and only if x = y such that 0 behaves as a neutral and minimum element for M.
Note that the condition on F is that it is an M-metric space, that is, it omits all non-M-metric triangles. This does not, however, imply that F needs to realise all M-metric triangles. In fact, allowing F to omit some other triangles is necessary for many applications (see Section 3).
We say that a cycle with distances a 1 , . . . , a n (without loss of generality a 1 is the largest) is geodesic if a 1 = a 2 ⊕ · · · ⊕ a n .
Observation 2.5. F realises all geodesic cycles.
Proof. By the assumption that F realises all distances and by Existence (SIR4), F realises all geodesic triangles. The rest follows by induction.
Lemma 2.6. If g ∈ G is not the identity then there is a ∈ F and h ∈ G which is a product of conjugates of g such that d(a, h(a)) = 1.
Proof. Let
Let X ⊂ F be a finite set and let a ∈ F be a vertex such that for every x ∈ X we have d(a, x) = 1. In this case, we write d(a, X) = 1 and say that the type tp(a/X) has distance 1.
Lemma 2.7. Let g ∈ G be such that for some a ∈ F we have d(a, g(a)) = 1. Then for every finite set A ⊂ F there is x ∈ F with d(x, A) = 1 and x = g(x).
Proof. We may assume that a ∈ A. Put Y = A ∪ g Lemma 2.8. Let g ∈ G be such that for every type p of distance 1 there is a realisation a |= p with g(a) = a. Then for every finite X ⊂ F and every type q = tp(x/X) either g moves q almost maximally or there is a realisation c |= q such that g(c) = c.
Proof. Clearly if q is such that x ∈ X, then trivially x | ⌣X g(x), hence g moves q almost maximally. Thus, we can assume that x / ∈ X and we will prove that there is a realisation c |= q such that g(c) = c.
Assume for a contradiction that there is a finite X ⊂ F and a type q = tp(x/X) such that whenever c |= q, then g(c) = c. Let a be a vertex such that d(a, X) = 1 and g(a) = a and let b |= q be such that b | ⌣X g(a). We say that g ∈ G moves a type p by distance k if there is a realisation a |= p with d(a, g(a)) k. If p = tp(x/X) is a type and h is a (partial) automorphism, we denote by h(p) the same type over h(X), that is, h(p) = tp (h(x)/h(X)).
Lemma 2.9. Let g ∈ G. Then there exists h ∈ G with the following property: If g moves all types almost maximally or by a distance which can be obtained as a sum of n elements of M then [g, h] = g −1 h −1 gh moves all types almost maximally or by a distance which can be obtained as a sum of 2n elements of M.
Proof. As in [TZ13a] , we construct h by a "back-and-forth" construction as the union of a chain of finite partial automorphisms. We show the following: Let h ′ be already defined on a finite set U and let p = tp(x/X) be a type. Then h ′ has an extension h such that [g, h] moves p almost maximally or by a distance which can be obtained as a sum of 2n elements of M.
We can assume that
(which is a type over V ). By the hypothesis on g there are realisations a |= tp(a
) can be obtained as a sum of n elements of M and similarly for b. We also have
We can now extend h ′ to h such that h is the isomorphism U ac ≃ V bg(b), where c is a realisation of h
thus from 1-supportedness (SIR6) we know that either c | ⌣a g(a) or c | ⌣g(X) g(a). In the second case (also if d(c, g(a)) = 1) we get g −1 (c) | ⌣X a, which implies that [g, h] moves p almost maximally. Hence we can assume that , g(a) ).
By the choice of a and b we know that one of the following cases occurs:
(1) First suppose that both d(a, g(a)) and d(b, g(b)) can be obtained as a sum of at least n elements of M. By the choice of c we have that
). We can now compute , g(a) ).
Since both d(a, g(a)) and d(b, g(b)) can be obtained as a sum of at least n elements of M, we have just obtained d(g −1 (c), a) as a sum of at least 2n elements of M which finishes this case.
(2) Now assume that a | ⌣Ug −1 (U) g(a). Then in fact we have a | ⌣X g(a), because a | ⌣X U g −1 (U ) (Metricity (SIR7)). As U ⊇ Xg −1 (X), a | ⌣X U also implies g(a) | ⌣g(X) X (by Monotonicity (SIR3)), which together with a | ⌣X g(a) implies a | ⌣g(X) g(a) (Metricity (SIR7)). Thus from c | ⌣a g(a) we get c | ⌣g(X) g(a) (yet again Metricity (SIR7)) and thus g −1 (c) | ⌣X a, which is what we want. . Using that h is an isomorphism of U ac and V bg(b) and Stationarity (SIR5) we obtain a | ⌣U c. Then we get a | ⌣X c, because a | ⌣X U , and then, combining with c | ⌣a g(a) using Metricity (SIR7), we obtain c | ⌣X g(a). As in the previous case, a | ⌣X U implies g(a) | ⌣g(X) X and hence c | ⌣g(X) g(a), or g −1 (c) | ⌣X a and we are done.
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. Let g be a non-identity automorphism of F. From Lemma 2.6 we get an automorphism g 0 which is a product of conjugates of g such that g 0 moves some element by distance 1. Using Lemma 2.7 we get that in fact for every type of distance 1 there is a realisation which is not fixed by g 0 and thus by Lemma 2.8 for every type p (of arbitrary distance) either g 0 moves p almost maximally or there is a realisation of p which is not fixed by g 0 . This means that g 0 moves all types almost maximally or by a distance which can be obtained as (a sum of) 1 element of M. Put n = |M|, start with g 0 and construct a sequence g 1 , g 2 , . . . , g ⌈log 2 (n)⌉ of automorphisms of F using Lemma 2.9 such that every g i moves all types almost maximally or by a distance which can be obtained as a sum of 2 i elements of M and moreover every g i is a product of conjugates of g 0 and g −1 0 . For g ⌈log 2 (n)⌉ we get that it moves every type almost maximally or by a distance which can be obtained as a sum of |M| elements of M, hence by distance 1 (cf. Observation 2.3, part 3) and thus almost maximally.
To recapitulate, g ⌈log 2 (n)⌉ is a product of conjugates of g and g −1 and moves all types almost maximally, hence Theorem 2.2 implies that every element of Aut(F) is a product of conjugates of g and g −1 . Since g was an arbitrary non-identity automorphism of F, this implies that Aut(F) is simple.
Remark 2.10. By the same arguments one could prove an analogue of Theorem 1.1 where instead of finite archimedean M we want M to satisfy the following:
(1) M is finite or countably infinite, (2) M is uniformly archimedean, that is, there is n such that for every a, b ∈ M it holds that n × a b. Note that every finite archimedean semigroup is uniformly archimedean. Note also that it follows that M contains a maximum element 1. (3) There is α ∈ M \ {1} such that for every b ∈ M it holds that α ⊕ b = 1. Such semigroups satisfy all conclusions of Observation 2.3 (with n instead of |M| in part 3) and the only thing which we have to change in the proofs is that instead of picking a maximal element of M \ {1} (which might not exist), we use α. We are not aware of any applications of this strengthening and therefore only state is as a remark.
Note that the third condition is necessary: Put X to be the set of all non-zero infinite integer vectors containing only numbers {0, 1, . . . , n − 1} such that they have only finitely many non-zero coordinates. Consider the semigroup on the set X ∪{M } where the order is the product order on X and M is the maximum element with the addition defined as M ⊕ a = M and
Conclusion
We conclude by stating some corollaries of Theorem 1.1 and some questions.
3.1. Semigroup-valued metric spaces. Generalising concepts of Sauer [Sau12] , Conant [Con19] (see also [HKN17] ) and Braunfeld [Bra17] (see also [KPR18] ), Hubička, Konečný and Nešetřil [Kon18b, HKN18] introduced the framework of semigroup-valued metric spaces (which served as a motivation for this paper). Given a partially ordered commutative semigroup M = (M, ⊕, ) and a "nice" family F of M-edge-labelled cycles, the structures of interest are M-metric spaces which moreover contain no homomorphic images of members of F . We will denote the class of all such finite structures M F M . The conditions of F are strong enough that one can then prove that M F M is a strong amalgamation class, its Fraïssé limit admits a metric-like SIR with M, it has EPPA (see [HKN19, Sin17] ) and a precompact Ramsey expansion (see [HN16, NVT15] ), but they are general enough that most known binary symmetric homogeneous structures can be viewed as such a semigroup-valued metric space. In fact, it is conjectured that every primitive homogeneous structure in a finite binary symmetric language with trivial algebraic closures admits such an interpretation (Conjecture 1 in [Kon18b] ).
As we have mentioned, the conditions on F ensure that M F M admits a metriclike SIR. And thus if 1 < |M| < ∞, M is archimedean and the SIR is 1-supported, Theorem 1.1 gives simplicity of the automorphism group of the Fraïssé limit of M
Note that whenever is a linear order, the corresponding metric-like SIR is necessarily 1-supported. The following theorem is a direct consequence of this fact and Theorem 1.1.
Let S ⊆ R + be a finite subset of positive reals such that the following operation ⊕ S : S 2 → S is associative: Of course, the obvious next step is to generalise our results to countable archimedean semigroups which do not have to contain a maximum element, thereby obtaining and analogue of Tent and Ziegler's result on the Urysohn space [TZ13b] . However, there are structures in infinite language which do not even admit a SIR, although they are also very metric-like. One example is the sharp Urysohn space defined in the following question: Remark 3.5. The sharp Urysohn space is a very peculiar structure, because although it does not admit a SIR, it has EPPA, APA and it is Ramsey when equipped with a (free) linear order.
The following conjecture is essentially a weaker form of a question from [Kon18b] . 
